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SUMMARY. We characterize the positivo solutions of the functional equation
-
fe\l=8@) = [ fz+y)dp(y). = >0

where |s(z)] § ce™8% and u is a o-finite positive Borel measure on [0, ). The solutions are applide
to study the stability of the characterizing properties of the integrated lack of memory property,
conditional expectation and Pareto distribution.

1. INTRODUCTION

Many characterization problems in statistics can be reduced to determine
the nonnegative, locally integrable solution f of the following integrated
Cauchy functional equation

fla) = | flat+u)iug), = > 0

where p is a positive o-finite Borel measure (see e.g., Brandhofe and Davis,
1980; Davis, 1980; Galambos and Kotz, 1978; Lau and Rao, 1982; Rama-
chandran, 1979; Ramachandran and Rao; 1970; Shimizu, 1978). One of the
most celebrated result of this kind is the Choquet-Deny theorem where f is
assumed to be bounded and u is a probability measure : the solution is a
periodic function with every z in the support of x as a period (Choquet and
Deny, 1960). In particular if the support of x4 is not a lattice, f reduces to a
constant. In the last decade, there are many literatures tried to remove the
boundedness conditions on f and on g in the Choquet-Deny theorem
(Brandhofe and Davis, 1980; Ramachandran, 1979; Ramachandran and Rao,
1970; Shimizu, 1980). It is, only recently, proved by Lau and Rao (1982)
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that such conditions are indeed redundant. The proof requires only elemen-
tary real analysis technique, and the method has been further simplified by
Ramachandran (1982). Also about the same time, Davies (1980, 1982)
pointed out that such a characterization has already been obtained by Deny
(1960) in a more general setting, and has been overlooked for years. Deny’s
proof depends on the deeper Choquet theory.

In this paper, we are interested in the integrated Cauchy functional
equation with an error term. Such problems has been studied by Shimizu
(1980). However, his theorem contains some restrictive hypotheses on the
solution f and the measure y. We will settle this problem with some minimal
assumptions. We call the equation

f@)(1—8() = J fE+y)duly), z > 0
where |S(x)| < Ce=*2, the integrated Cauchy functional equation with an error
term, and abbreviate by e-ICFE(u). We prove that
Theorem : Let p be a positive o-finite Borel measure with u(0) < 1, and
let f be a positive locally integrable solution of the e-ICFE(u), then

f(x) = p(z)e**(1+ K(z)), = > 0
where

®
(1) o is uniquely determined by | e**du(x) = 1;
0

(ii) p is a periodic function with every z € supp p as a period, and

(iii) K satisfies |K(z)| < Cie7%% for some z, > 0, and
© -1
Oy = 20(1—p(O) " (1 [ e==7dp(a)) .
0

Shimizu (1980) has used this type of theorem to investigate the stability
of the solutions arising from the lack of memory property and order statistics.
We will apply the above theorem to study the lack of memory property again,
the conditional expectation (Sahobov and Geshev, 1974), and the Pareto
distributions.

2. SOME LEMMAS
The main result of this section is Lemma 2.3.

Lemma 2.1: Let f> 0 be a locally integrable function on [0, 00) and let
1

hz) = [ flx+y)dy. Suppose xo > 1 and h(x,) > k > 0, then there exists an
0

wnterval I containing x,, with length |I| > 1 and h(z) > %k forall zel,
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Froof : The function A is continuous on [0, ). Let 0 < & < 1 satisfies
h(zy—0) = i— k, and h(z) > —i— k¥ zy—8 < 2 < x, (if such J does not exist,

then the lemma is true). Then

k.

T fantoMy = | fag—d+9)y = Mzo—0) = 5

1
Since [ fagty)dy = hzg) > k
it follows that

w

1 1 1-5
JS@tydy > | faotydy— [ flztydy > k.

Hence for z, € z < 2,+(1—-9),

1 a:ar-l-l

= [ flety)dy = If(wo+y)dy I f@oty)dy > | k.

0 - Ty 4

[a—

The interval I = (zy—0, ¥,+1-—0) satisfies the requirement.
Lemma 2.2: Suppose f> 0 and satisfies the eICFE(u). Let
1
h(x) = [ f(x+y)dy. Then h satisfies the €-1CFE(u) also, and is of bounded
0

exponential order (i.e., there exist o € R and k = 0 such that h(zx) < ke*® for all
z € [0, 00)).

Proof : By Fubini’s theorem, the &-1C'FE(x) reduces to

Wo) = | Martu)duy)+ [ fla+)S(-+).

1

Lot [ [fetu)Satodyha), i bz) #0
Sy(z) =

0 , if kz) =

It is easy to show that with such definition, » and S, satisfy
W) = | Wa-+yMuty)+h@Soa), = > 0, . (22)
1
and | Sy(x) | < Ce*= (j)' flz+y)e~*vdy[Mx)
< Ce*2,

We will prove that % is bounded exponential order by showing that
lim (h(z))V% < co. Suppose lim (h(x))Y* = co. Let a >0 be such that
e X z—>» ©
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ma, a+%) = b > 0; we can assume, without loss of generality, that a = 1.
Choose £ and z, such that

(hiao) 0 > & > 0,
Hence A(z,) > k" and by Lemma 2.1, we can assume that

h(x) > 1 Il N @ € [Xg, 2o+ 1]

Let z; = x,—1, then by (2.2),

32

h(,)(1 — Sylay) > ﬂ]r Iz, — 1 +-y)du(y).

It follows that &N
hw) > e blg( S Vb/c% '
{1 — So(21)) 4(1+0)
bk
Let Y = 4(1:0) > 1, then

W) > vk
By apolying Lemma 2.1 again, we can find an interval (z;,—&;, z,+1—46;)
such that

1 r -1 -
hzx) > 1 vk N xelr,—6, a+i—8y]
Tet x, = 2,—6&,—1, the same argument as above yields

ha) > VT
We repeat this process to select the numbers. The process will terminate

at some m, such m and x,, satisfy 392'1 <m <[%), 0 < zm < 2, and

2

xOI

ham) > ymk " >y

Since v > 1 and 2, can be chosen arbitrary large, the function 4 is unbounded
on [0, 2]. This contradicts the continuity of A.
Lemma 2.3 : Let f > 0 be a solution of the ¢-ICEF(u). Then
(i) There exists an o such that e~*zh(x) is integrable.
(i) If we let
fia) = ] ey, dty) = evauty),

then f(a:) 18 conbinuous, decreasing and satisfies

Fla)1— (@) = f fa+y)dity), = >0 . (23)
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where IS’(T)[ L Cetx, x>0,

(iii) Suppose ji satisfies Telydﬁ(y) > 1 and p(0) = 0, then there exists a
0
k > 0 such that
f(a:) < kerz,

Proof : The existence of the a in (i) follows from Lemma 2.2. State-
ment (ii) follows from a direct application of Fubini’s theorem to equation
(2.2).

To prove (iii), we will write f, x and § instead of f, % and S in order to
simplify the notations (we only need the continuity and decreasing property
of f). By multiplying a factor of e*# to f(x), we may assume that A <O.
flz)
elfb‘

The lemma will be proved if we can show that Lim
A )

We first show that there exists a f < A such that lim f—g?— = 0. For
e ©

z—>®
otherwise, lﬂ f éfl > 0 for all § < A, and hence EIE {; ga; = oo for
T 9 o zZ—>

all # <A. We will choose M, a > 0 and £ << A so that,
M
[ ePvdpu(y) = b > 1.

Let x, satisfy b/(1+Ce %) > 1, and for each k let g > x, be such that

f(x) > kP2 5f x> xy.

Now for z > xx, x—a > x,,
o M
fa—al—S@—a)] > | fla—aty)ip(y) > ke’ [ Mdu(y).

This implies that
f(x_a) 2 ]ceﬂ(x—a)b/(1+03—8(z—a)) > keﬁ(:t—a).

Repeating the above argument we have, for x > x; with x—na > x,,
flx—na) > kefla—nw), . (24)
In particular, if x—na = 2’ €[z, 441}, then
f@) > ke

Since % is a,rbifrary, the continuity of f on [x,, ,-+1] leads to contradiction.

A 3-5
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f@) f(w)

To prove lim -~ =0, we assume that lim
z—) o € Z—) o

paragraph, we can find a, M > 0 and § < A such that

>0. By the previous

lim Ji(;”zl =00, lim M =0 o (2.5)
T—> o e x—)w
and }le’ﬂdﬂ(g/) > 1

Let x, be defined the same as in last paragraph, and choose x, yx so that:
Ykur < Tx < Yk,

f@e) =%, fg) > ke *
and @) > e 4 a < = < g

(The existence of z; and y; are guaranteed by (2.5)). Since f is decreasing,

it follows that
Bx —ﬂxk -B (l/k—.’ck)

E< e ™ <fae F—o e F—e :

and hence Yr—2%k > >0

—h
(the last inequality is a consequence of our previous assumption that f<<A<0).
We thus obtain a sequence of interval {[x, ]}, so that

(@) lim (yx—2x) = oo, lim Ty = 00;
(b) f(x ) > P2 o < v < e

Let & be an integer and satisfies yx—ap > M, we can use the same technique
as in obtaining (2.4) to show that

@) > 9%, 5y < & < 2.

Since 2 and yx can be chosen arbitrary large, the above conclusion contradicts
hm f(x)

—> w Bz

= 0.

3. THE MAIN THEOREMS

In the following theorem, the equation is slightly different from the
¢-ICFE(u), it partially generalizes (Shimizu, 1980, Theorem 3) by eliminating
the redundant conditions on f and u.

Theorem 3.1: ILet f be a nonnegative locally integrable function. Suppose
[ satisfies

flx) = ] flety)duly)+8(), x>0 - (3.0)
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where p is a probability measure on [0, o0) with u(0) < 1, and S(x) satisfies
[8(z)| < Ce®.
Then f@) = p(e)+A(z)

where p(x) is a nonnegative periodic function with every z € supp 4 as a period
and A(x) is a real function bounded by Ce*%(1—vy)~' with

v=1 e~*vdp(y).

Proof : Let um denote the n-th convolution of #. It follows from (3.1)
that

1@ = [ e+ )iuig)+ ()

I

I (§ Fey-ruiuty)+S(w-+)) dpiy) + 8

I
Oemy

fota)ipte)+] Se-+u)iug) +8()

Ot g

n—1 o
et + 5 T Sa-+2)ipic).
Let A@) =3 [ Sa-+2)dui), . (32)
=0 0
and let y = fe—‘ll du(y) (< 1), then
0

)3 T | S(z+-2) |dpiz) < Ce=®® o T e~tedu(z)

=00 i~0 0
= O % Y

i=0

Ce—z

= 1_7 << 00,
this implies A(x) is finite for each > 0 and lim f f(z--=z)dun(z) exists a.e.
n—) o 0
Define g(x) = f(x)—A(x)

then g(x) = li_r:\ I f@4=)durz) ae., x > 0,
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and for almost all z > 0

T oa+y)itg) = [ fa-+y)ipt)— [ A+y)uy)

= f@)—S(@)— % I S+ )

i=0

(-]

= @)~ | S+)dpie)

=00

= fl(x)—A(x)
= g(x).

It follows that g is nonnegative and

g(x) = Ig z+y)du(y).
From Lau and Rao, 1982, Theorem 3.2, we have

g(x) = p(x)

where p(z) is a nonnegative periodic function with z € supp 4 as periods.
Therefore
f@) = p(x)+A()

and A(z) satisfies |4A@)] < O™

The next theorem on the solution of the ¢-ICFE(x), where u is a o-finite
Borel measure on [0, c0), bears the same idea of proof as Theorem 3.1. How-
ever, because of the possible unboundedness of the term

:Zo 6[ f(a-+y)S(x+y)duiy)
(compare (3.2) to (3.4)), we will need some elaborated proofs and the lemmas
in the previous section.

Theorem 3.2: Suppose u s a o-finite Borel measure on [0, 0) with
W0) < 1. Suppose fis a nonnegative, locally integrable solution of the €-ICFE(u)
and f # 0 on any interval [a, ), a > 0. Then there exist dye B and x,> 0
such that

f e™ dpfy) = 1
and for x > x,, f can be represented as

f(@) = pla)e" " (1+K(x)),
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where p(x) is a positive periodic function with every z ¢ supp p as a period and

2C

Tao)I—y) ¢ V5> %

K@) <

with v = I PN adu(y).

In particular if C satisfies C < (1—p(0))(1—7), then x, can be chosen
as zero.

Proof : Without loss of generality, we assume that x is nondegenerated
at 0, and w(0) = 0. For otherwise, we let & = (u—p(0))/(1—p(0)), then
#4(0) = 0 and the e-ICEF(4) reduces to |

10 (1- 250 ) = [ e+ 0)dity)

By the assumption that f is positive and by Lemma 2.3 (iii), there exists a
A, such that
[ ¢ duly) < oo.
This yields a A, such that ’
>1, it A>A

[ e*du(y)
o <|_<1, if A< A,

By readjusting the e-ICEF(x) with ¢, we may take A, = 0 and the above
expression can be written as

o >1, if A>0,
[ e*duly) < .. (8.3)
0 <1, ifa<o.
(Note that fd,u(y) in this case is either 1 or o). We obtain from the
0

¢-ICFE(u) and the same proof as in the last theorem that
© N—1 ©
fl@) = { fla+-2)dp"z)+ Z-'-o g fl@+2)8(z-+2)dp'(z).
Let A@)= 2 [ fla+2)S@-t2)dp(e). .. (34)
i=0 0
We claim that A(z) is finite a.e. : Let f be defined as in Lemma 2.3 (ii),

since
| eMdily) = [ e**Y dufy).
0 Q
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We have (by (3.3)),

I e*diiy) <
L<1, if A< —a.

If welet A = —oc—{-%, then Lemma 2.3 implies that there exists a £ > 0 (may

depend on €) such that
f(x) < fg(ame/DT,
For any z > 0,
| @ 1 !
[ e [ Aly+tydedy |
z 0

e oo

CZ | e"z( f e~ j f(y-i-t)e“”‘”“’dtdy) dui(z)
x+2

=0 0

< s fe“z"‘”+z’f(x+z)dp‘(z) .o (3.5)

=0 0

< Oke—(a+c/2)$ E’: T e“"z’zdy"(z).

i=0 0

C']ce—(a+z/2)$
—7

—ay

e (3.6)

So, ;

{8
© ey

Aly+t)dedy | < f

where Y= aj? e~ Ddy(y).
0

It follows that A(z) is finite a.e. and the proof of the claim is complete.
The function
gl2) =f(0)—A@) = lim [ fla+2)dune) (> 0)

is hence defined almost everywhere. We will show that

(i) g(x) # 0: For otherwise, f(x) = A(z), it follows from the definition

of A(x) and (3.6) that
Che—ta+e/2)z

f@) < T .. (37)
—"N
Also, (3.5) implies that
foy < ¢ % | enremfaaduie)
i=0 0
Substitute (3.7) into the above inequality successively, we have

~ Ce—\2/2)z7n
fioy < e | T2

Choose x, such that
Ce—(&/2)zy

1—y,

(3.8)
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and let 7 — oo, then f(z) = 0 for almost all z ¢ [y, 00). This implies f(x) = 0
for almost all x € [%,, o), and contradicts that f # 0 on [a, c0), for any a > 0.

(ii) g satisfies g(x) = f g(x+y)du(y) : from the proof of (3.6), we know that
0

3T | fata)S@-+2) | dpic)
=00

converges absolutely. By using the same argument as the counterpart in
Theorem 3.1, we obtain the conclusion.

Now Theorem 3.2 in Lau and Rao (1982) implies that

g(x) = p@)e™”, z > =,

where z, satisfies (3.2), , is uniquely determined by

T e’ d/"(?/) =1,
0

and p(z) is a positive periodic function with periods z ¢ supp . It follows
from our assumption (3.4) on A; = 0, that ¢y = A, = 0 and x is actually a
probability measure. Therefore

g(x) = p(2)
and f(x) = p(x)+A(x). .. (3.9)

It remains to estimate the term A(z). Substituting f(x) in the definition
of A(x) in (3.4) by the expression (3.9), we have

A(z) = p(x)Ay(x)+By(x), x> 0, . (8.10)
where Ax) = % }) S(x-+-=)dui(z),
=00
and Byx) = £ | A@w+2)S@+2)duicz).
i=0 0
Since | 4y@)| < I | |S@te)|dpie) < Ces 5 | e~z dui(e)
i=00 i=0 0
and y is a probability measure,
| 44(0)] < Oeor 5 41 = $
i=0 s

where v = }oe—‘y du(y). By substituting the expression of A(z) in (3.10) to
0

B/(x), we have
Bi(x) = p(x)As(%)+By)
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where Ay(z) = E T A,(x+-2)S(z+-2)dpi(z)
=00
and By(z) = Z f By(x+2)S(@-+-2)dui(z).
i=0 0
The same argument as above yields
/ 0 —8&
[Aa(x)| < ( le_,y )2-
Inductively, we have
) = 3(0) (£ 4e))+ B, e (311)
) Oz
and | An(@)| < \ 1=y )
Let K@) = .§: Ay(x).

Then for x > z, (2, is determined in (3.8))

— 20e—t%
|K(@)| < Ce'= (1_7_6{3_8,,,) <

If we can show that lim B,(x) = 0 for « > z,, then
n —» ©

fl@) = pl)1+K(@), = >, .. (312)
and the proof of the theorem will be complete. By using the identity
© 1 ) @® o 1
J e | By+tdidy = S [ e [ fly+et)Sly-retoddydu)
and by applying the same proof as for (3.6) with
Ce=tz

Ce—*z
we have f e f | By(y+t) | dtdy < ke‘“x( 1=y

)2<oo.

Inductively, we ha,ve

T 1 —EZ \ n+1

[ ey [ |Buly-+t)|didy < ke~ (%)™

z I—y
Therefore lim _[ ey f | Bo(y+-1) | didy = 0,

n—y xo

L
which is equivalent to {B,} converges to 0 in measure. Since K(x) = X Ayx)
i=1
exists a.e., the relation (3.11) implies that

lim B,(x)=0 a.e., x> x,.
n—y o
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To prove the particular case in the theorem, we note that the choice of

in (3.8) depends only on the number A = —a—}-—;. Now that we already

know the explicit form of f, we can show that

f@) < ke, x>0

for some k > 0. The ¢/2 can actually be taken as 0 and hence the z, can be
taken as

where v = [ e~*2du(x). The last statement follows immediately from this
)

observation.

Corollary 3.3 :  Suppose u(0) < 1 and suppose the constant C in the error
term of the €-1CFE(u) satisfies

O < 3(1=p(0)(1—7)

where y = [ e rdu(y) and jme"d,u(y) = 1. If f is a nonnegative, locally
0 0
integrable solution of the ¢-ICFE(u), then f can be represented as

fl&) = pl)es(1+K(x)) v 2 >0
where p, and K satisfy the same conditions as in Theorem 3.2.
If Fe“-’”d,u(x) # 1 for any a € R, it can be shown that f = 0 a.e.
4y

If p is a measure such that #(0) > 1, then the ¢-ICWE(x) can be written
as

J(@)(1—u(0)—S(z)) I(OIw)f(x—{—y)d,u(y), x> 0.

The right side is positive, and the left side is negative for large value of x.
This implies that f =0 for > z, for some x, > 0.

We do not have a conclusion for the case x(0) = 1.

4. SOME APPLICATIONS

Throughout this section, we will consider the non-lattice random variables
only, the lattice random variables can be handled similarly.

A nonnegative random variable X is said to have the lack of memory
property if
P(X > aty) = PX > 2)P(X > y) ¥ 2,y ¢ [0, ).
A 3-6
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It is well known that such X follows the exponential law. Recently, there
are two extensions of the above property (Lau and Rao, 1952; Ramachandran,
1979; Shimizu, 1978). Shimizu (1980, Theorem 6) has included the error
term to one of the extensions. We will reproduce his theorem here. For
a random variable X, we will let F denote its distribution and let G = 1 —F.

Theorem 4.1 : Let X, Y be two independent random variables with dis-
tributions F, and F,, and Fy0+)=0. Suppose X, Y satisfy

PX >aty/X >Y)=PX>2)(1-8@)¥z>0 .. (41)
where | S(x)| < Ce=*z, and

¢ < _g— ILI——<P(X > Y)-L or e_(a'H)dez(?/))]

with 8 > 0 given, and P(X > Y) = | e-=dFyy). Then
0

Fy@) = 1—es(1+ K@) % & > 0
and | K (x)| < 6.
Proof : The identify (4.1) can be reduced to

[ G+dFy) = G —S@), @3>0
where Fy(y) = Fy(y)/P(X > Y). By applying Corollary 3.3, we have
Gy(x) = pe7* (14 K(x)) &« > 0
where | K(x)| < % e~®®. Note that p.(1+K(0)) =1 and |K(0)| < g, by

expressing G as
Gh(x) = e (14K y(x)) ¥ @ > 0

where K, (z) = (p—1)+pK(x), we obtain the conclusion.
Sahobov and Geshev (1974) established that a nonnegative random
variable X which satisfies
B(X—2)k|X > 2) = B(X) %2 > 0
is an exponential distribution.
Theorem 4.2 : Let X be a random variable with distribution F, and satisfies

F(0+) =0,
B(X—2)k|X > 2) = B(XF)(1—8@) ¥ 2> 0 o (42)

where | S(z)| < Ce~t2, and

C< %[l—(E(X’C)—l. (f e—<«+e>yd(yk))]
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with 6 > 0 given, and E(XF¥) = Gj e~*vd(yk). Then
0
F(w) = 1— (14 Ky() % & > 0
where | K ()] < 6.
Proof : Equation (4.2) can be reduced to
- E(X*
[ ataedy = 2507 GE0—8E) w2 > 0
and by using the same argument as above the theorem follows.
The Pareto distribution is defined by

( 1—akx ¥, x> a,
Fz) = 4
Lo , x < a.

It is easily seen that the transformation = e¥ makes y an exponential variable.
The Pareto law plays an important role in the study of income distribution
(Krishnaji, 1970; Lau and Rao, 1982).

Theorem 4.3 : Let X be a nonnegative random variable X truncated at
a > 0, and let R be an independent random variable over the interval (0, 1). If
the distribution of ¥ = XR satisfies

P(Y >2) = PX > 2)(1—8(@)), > 0 .. (4.3)
& 1
where | S(x)| < %omd C satisfies C < %‘;— (1— [ y’dH(y)) (H is the distribu-
0
tion of R). Then the distribution function F of X is of the form

r

, ak

Py = o (ITE@), 2>
|
L

0 s r<<a
where | Ky(x)| < 6, z > a.
Proof : Equation (4.3) can be reduced to

1 x
[ 6 (%)l = 6 1—8@), ¥« > 0.
0 r

Let © = e%, r =ev Gy(u) = Glev), Sy(u) = S(e*) and H,(v) = H(e?). Then
the above equation reduces to

g Gr(utv)dH,(v) = Gy(u)(1—8y(w)), ~u >0
with | Sy(»)| < Ce~**. We can apply Corollary 3.3 to obtain the conclusion.
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